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O ' Abstract: 

X> ! In standard Poincare and anti de Sitter SO (2, 3) invariant the- 

[t^ ! ories, antiparticles are related to negative energy solutions of covariant 

equations while independent positive energy unitary irreducible repre- 
sentations (UIRs) of the symmetry group are used for describing both 
a particle and its antiparticle. Such an approach cannot be applied in 
de Sitter SO (1,4) invariant theory. We argue that it would be more 
natural to require that (*) one UIR should describe a particle and its 
antiparticle simultaneously. This would automatically explain the ex- 
istence of antiparticles and show that a particle and its antiparticle are 
different states of the same object. If (*) is adopted then among the 
above groups only the SO (1,4) one can be a candidate for constructing 
elementary particle theory. It is shown that UIRs of the SO (1,4) group 
can be interpreted in the framework of (*) and cannot be interpreted 
in the standard way. By quantizing such UIRs and requiring that the 
energy should be positive in the Poincare approximation, we conclude 
that i) elementary particles can be only fermions. It is also shown that 
ii) C invariance is not exact even in the free massive theory and iii) el- 
ementary particles cannot be neutral. This gives a natural explanation 
of the fact that all observed neutral states are bosons. 

PACS: 11.30Cp, 11.30.Ly 
1 The statement of the problem 

In standard quantum theory the existence of antiparticles is explained 
as follows. Each elementary particle is described in two ways: i) by 
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using a unitary irreducible representation (UIR) of the Poincare (or anti 
de Sitter) group; ii) by using a Poincare (or anti de Sitter) covariant 
equation. For each values of the mass and spin, there exist two UIRs - 
with positive and negative energies, respectively. At the same time, the 
corresponding covariant equation has solutions with both, positive and 
negative energies. As noted by Dirac (see e.g. his Nobel lecture P), 
the existence of negative energy solutions represents a difficulty which 
should be resolved. In the standard approach, the solution is given in 
the framework of quantization such that the creation and annihilation 
operators for the antiparticle have the usual meaning but they enter 
the quantum Lagrangian with the coefficients representing the negative 
energy solutions. 

Such an approach has lead to impressive success in describing 
various experimental data. However, as noted by Weinberg |2j, 'this is 
our aim in physics, not just to describe nature, but to explain nature'. 
From this point of view, it seems unnatural that the covariant equation 
describes the particle and antiparticle simultaneously while UIRs for 
them are fully independent of each other. Moreover, UIRs with negative 
energies are not used at all. 

The necessity to have negative energy solutions is related to 
the implementation of the idea that the creation or annihilation of an 
antiparticle can be treated, respectively as the annihilation or creation 
of the corresponding particle with the negative energy. However, since 
negative energies have no direct physical meaning in the standard the- 
ory, this idea is implemented implicitly rather than explicitly. 

The above program cannot be implemented if the de Sitter 
(dS) group SO(l,4) is chosen as the symmetry group. For example, 
it is well known that the dS Hamiltonian in UIRs has the spectrum 
in the interval (—00, +00) (see e.g. Refs. |Bl HI 13 El Ej)- Note also 
that in contrast with the anti de Sitter (AdS) group SO (2, 3), the dS 
one does not have a supersymmetric generalization. In view of modern 
approaches to local quantum field theory (LQFT) in curved spacetime, 
the dS group cannot be the symmetry group since, from the standpoint 
of any local observer, the vacuum has a finite temperature and admits 
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particle destruction and creation (see e.g. Refs. [8]). For this and 
other reasons it was believed that the SO (1,4) group was not suitable 
for constructing elementary particle theory. 

Although our approach considerably differs from that in Ref. 
|B] and references therein (see Ref. |5] for a detailed discussion) we 
come to the same conclusion (see Sect. EI) that in the standard ap- 
proach the dS group cannot be a symmetry group. However, the stan- 
dard approach can be modified in such a way (see below) that theories 
with the dS symmetry become consistent. The main goal of the present 
paper is to investigate only the Poincare approximation where the stan- 
dard physical intuition works. Some results of our investigations in the 
general case are mentioned in Sect. El 

It is well known that the group SO (1,4) is the symmetry group 
of the four-dimensional manifold in the five-dimensional space, defined 
by the equation 

2_2_2_2_2__n>2 / -i \ 

^3 ^4 — \ ) 

where a constant R has the dimension of length. The quantity R 2 is 
often written as R 2 = 3/A where A is the cosmological constant. The 
nomenclature is such that A < for the AdS symmetry while A > - 
for the dS one. The recent astronomical data show that, although A is 
very small, it is probably positive (see e.g. Ref. [10J ) . For this reason 
the interest to dS theories has increased. Nevertheless, the existing 
difficulties have not been overcome (see e.g. Ref. (HI USD- 
Trie fact that in the standard theory a particle and its an- 
tiparticle are treated independently poses a problem why they have 
equal masses, spins and lifetimes. The usual explanation (see e.g. the 
standard textbooks [T3| ) is that this is a consequence of the CPT in- 
variance. Therefore if it appears that the masses of a particle and its 
antiparticle were not equal, this would indicate the violation of the 
CPT invariance. In turn, as shown in well-known works [14J, any local 
Poincare invariant quantum theory is automatically CPT invariant. 

Such an explanation seems to be not quite convincing. Al- 
though at present there are no theories which explain the existing data 
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better than the standard model based on LQFT, there is no guarantee 
that the ultimate quantum theory will be necessarily local. The mod- 
ern theories aiming to unify all the known interactions (loop quantum 
gravity, noncommutative quantum theory, string theory etc.) do not 
adopt the exact locality. Note also that the meaning of time operator is 
not quite clear [THj and, as it has been known already in 30th of the last 
century, when quantum theory is combined with relativity, there is no 
operator which has all the required properties of the position operator 
(see e.g. Ref. |Tfij). In particular, it is not possible to localize an object 
with the accuracy better than its Compton wave length. For this and 
other reasons the quantity x in the Lagrangian density L(x) is only a 
parameter which becomes the space-time coordinate only in classical 
limit. 

Consider a model example when isotopic invariance is exact 
(i.e. electromagnetic and weak interactions are absent). Then the pro- 
ton and the neutron have equal masses and spins as a consequence of 
the fact that they belong to the same UIR of the isotopic group. In 
this example the proton and the neutron are simply different states of 
the same object - the nucleon, and the problem of why they have equal 
masses and spins has a natural explanation. 

As shown in Ref. (Ej, in quantum theory based on a Galois 
field, Galois field analogs of IRs of the AdS algebra so(2,3) have a 
property that a particle and its antiparticle are described by the same 
IR of the symmetry algebra. This automatically explains the existence 
of antiparticles and shows that a particle and its antiparticle represent 
different states of the same object. As argued in Ref. (TBI EI, the 
description of quantum theory in terms of Galois fields is more natural 
than the standard description based on the field of complex numbers. 
However, in the present paper we consider only the standard approach 
but with the following modification. Instead of saying that UIRs (by 
definition) describe elementary particles, we assume that 

Single- Representation Supposition: In standard quantum the- 
ory, any unitary irreducible representations of the symmetry group or 
algebra should describe a particle and its antiparticle simultaneously. 
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With such a requirement, among the Poincare, AdS and dS 
groups, only the latter can be a candidate for constructing the elemen- 
tary particle theory. Therefore, we have to investigate whether UIRs of 
the dS group are compatible with Single-Representation Supposition. 
In Sect. E] we derive explicit expressions for representation generators 
in UIRs and their properties are discussed in Sect. IH In Sect. El the 
Poincare approximation is discussed and it is shown that UIRs of the 
dS group cannot be interpreted in the standard way. In Sect. it 
is shown that the quantized version of UIR is indeed compatible with 
Single-Representation Supposition and in the Poincare approximation 
the energy can be positive definite only for fermions. As shown in 
Sect. El the antiparticle generators satisfy the correct commutation 
relations but the particle and antiparticle generators are different. As 
a consequence (see Sect. Ej), elementary particles cannot be neutral, 
and even in the free massive dS invariant theory C invariance is only 
approximate. Finally, Sect. (HI is discussion. 

2 UIRs of the SO(l,4) group 

As already noted, the de Sitter group SO (1,4) is the symmetry group 
of the four-dimensional manifold defined by Eq. (JTJ). Elements of a 
map of the point (0, 0, 0, 0, R) (or (0, 0, 0, 0, —R)) can be parametrized 
by the coordinates (xo,Xi,X2,xs). If R is very large then such a map 
proceeds to Minkowski space and the action of the dS group on this 
map - - to the action of the Poincare group. 

The representation generators of the SO (1,4) group M ab 
(a, b = 0, 1, 2, 3, 4, M ab = —M ba ) should satisfy the commutation rela- 
tions 

[M ab , M cd ] = -i{jf c M bd + r) bd M as - rf d M bc - r) bc M ad ) (2) 
where rf b is the diagonal metric tensor such that r/ 00 = —r] u = —rf 2 = 

_^33 _ _jy44 _ -y 

In conventional quantum theory elementary particles are de- 
scribed by UIRs of the symmetry group or IRs of its Lie algebra by self- 
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adjoint operators in Hilbert spaces. Usually the latter also are called 
UIRs having in mind that the representation of the Lie algebra can 
be extended to the representation of the corresponding Lie group. We 
also will not discuss the difference between Hermitian and selfadjoint 
operators. 

If one assumes that the role of the symmetry group is played 
by the Poincare group then the representations are described by ten 
generators — six generators of the Lorentz group and four components 
of the momentum operator. In the units c = % = 1 the former are 
dimensionless while the latter has the dimension (length)^ 1 . If however, 
the symmetry group is SO (1,4) (or SO (2, 3)), then all the generators in 
the units c = % = 1 are dimensionless. 

The main goal of this section is to derive explicit expressions 
for the operators M ab in the case of principal series of UIRs describing 
massive elementary particles. Although there exists a wide literature on 
UIRsoftheSO(l,4) group (see e.g. Refs. [IHl EDI EH 1221 El IH El El E] ) , 
we did not succeed in finding these expressions in the literature. For 
this reason we will describe in detail the steps needed for derivation of 
Eqs. (HZ!) and (ElE). 

The first complete mathematical classification of the UIRs has 
been given in Ref. (IS], three well-known realizations of the UIRs have 
been first considered in Ref. [2D] and their physical context has been 
first discussed in Ref. j2Ij. It is well known that for classification 
of UIRs we should, strictly speaking, consider not the group SO (1,4) 
itself but its universal covering group. The investigation carried out in 
Refs. [IHl 1201 12H 1221 E] has shown that this involves only replacement 
of the SO (3) group by its universal covering group SU(2). Since this 
procedure is well known, we will work with the SO (1,4) group itself 
and follow a very elegant presentation for physicists in terms of induced 
representations, given in the book [3] (see also Refs. [31 12"2]). 

The elements of the SO (1,4) group will be described in the 
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block form 
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where 

b T = || 61 6 2 h || reSO{3) (4) 

(the subscript T means a transposed vector). 

UIRs of the SO (1,4) group are induced from UIRs of the sub- 
group H defined as follows [4j. Each element of H can be uniquely 
represented as a product of elements of the subgroups SO(3), A and T: 
h = vta^t where 
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(5) 

The subgroup A is one-dimensional and the three-dimensional 
group T is the dS analog of the conventional translation group (see e.g. 
Ref. jH G2I). We hope it should not cause misunderstandings when 1 is 
used in its usual meaning and when to denote the unit element of the 
SO (3) group. It should also be clear when r is a true element of the 
SO(3) group or belongs to the SO(3) subgroup of the SO(l,4) group. 

Let r — » A(r;s) be a UIR of the group SO(3) with the spin 
s and ta — > exp(ifir) be a one-dimensional UIR of the group A, where 
\i is a real parameter. Then UIRs of the group H used for inducing to 
the SO (1,4) group, have the form 

A(rr^ax; /i, s) = exp(ifir)A(r; s) (6) 

We will see below that fi has the meaning of the dS mass and therefore 
UIRs of the SO (1,4) group are defined by the mass and spin, by analogy 
with UIRs in Poincare invariant theory. 

Let G=SO(l,4) and X = G/H be the factor space (or coset 
space) of G over H. The notion of the factor space is well known 
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(see e.g. Ref. [231 El HI)- Each element x G X is a class containing 
the elements xch where h G iif, and xq G G is a representative of 
the class x. The choice of representatives is not unique since if xq is a 
representative of the class x G G/H then xcho, where ho is an arbitrary 
element from i7, also is a representative of the same class. It is well 
known that X can be treated as a left G space. This means that if 
x G X then the action of the group G on X can be defined as follows: if 
g G G then gx is a class containing gxc (it is easy to verify that such an 
action is correctly defined). Suppose that the choice of representatives 
is somehow fixed. Then gxc = {gx)G{9, %)h where (g, x)h is an element 
of H. This element is called a factor. 

The explicit form of the generators M ab depends on the choice 
of representatives in the space G/H. As explained in several papers 
devoted to UIRs of the SO(l,4) group (see e.g. Ref. jij), to obtain 
the possible closest analogy between UIRs of the SO (1,4) and Poincare 
groups, one should proceed as follows. Let be a representative of the 
Lorentz group in the factor space SO(l,3)/SO(3) (strictly speaking, we 
should consider SL(2, C)/SU(2)). This space can be represented as the 
well known velocity hyperboloid with the Lorentz invariant measure 

dp(v) = d 3 v/v (7) 

where Vq = (1 + v 2 ) 1 / 2 . Let / G 50(1,4) be a matrix which formally 
has the same form as the metric tensor 77. One can show (see e.g. Ref. 
j3j for details) that X = G/H can be represented as a union of three 
spaces, X + , X and Xq such that X + contains classes v^/i, X_ contains 
classes v^Ih and Xq is of no interest for UIRs describing elementary 
particles since it has measure zero relative to the spaces X + and X . 

As a consequence, the space of UIR of the SO (1,4) group 
can be implemented as follows. If s is the spin of the particle under 
consideration, then we use ||...|| to denote the norm in the space of UIR 
of the group SU(2) with the spin s. Then the space of UIR is the space 
of functions {/i(v), /2(v)} on two Lorentz hyperboloids with the range 
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in the space of UIR of the group SU(2) with the spin s and such that 

/[||/i(v)|| 2 + ||/2(v)|| 2 ]d/'(v)<oo (8) 

We see that, in contrast with UIRs of the Poincare group (and 
AdS one), where UIRs are implemented on one Lorentz hyperboloid, 
UIRs of the dS group can be implemented only on two Lorentz hyper- 
boloids, X + and X_. Even this fact (which is well known) is a strong 
indication that UIRs of the dS group might have a natural interpre- 
tation in the framework of Single-Representation Supposition (to the 
best of our knowledge, this possibility has not been considered in the 
literature). 

In the case of Poincare and AdS groups, the positive energy 
UIRs are implemented on an analog of X + and negative energy UIRs - 
on an analog of X_. Since the Poincare and AdS groups do not contain 
elements transforming these spaces to one another, the positive and 
negative energy UIRs are fully independent. At the same time, the dS 
group contains such elements (e.g. I fUE)]) and for this reason its UIRs 
cannot be implemented only on one hyperboloid. 

A general construction of the operators M ab is as follows. We 
first define right invariant measures on G = 50(1,4) and H. It is well 
known (see e.g. Ref. [23j ) that for semisimple Lie groups (which is the 
case for the dS group), the right invariant measure is simultaneously 
the left invariant one. At the same time, the right invariant measure 
dp>(h) on H is not the left invariant one, but has the property dn(hoh) = 
A>(ho)dR(h), where the number function h — ► A(/i) on H is called the 
module of the group H. It is easy to show j3j that 

A(tta^t) = exp(—3r) (9) 

Let dp{x) be a measure on X = G/H compatible with the measures 
on G and H ^ and let the representation space be implemented as the 
space of functions cp(x) on X with the range in the space of UIR of the 
SU(2) group such that 

J \\<p{x)\\ 2 dp{x) < oo (10) 
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Then the action of the representation operator U(g) corresponding to 
g G G is defined as pi] 



U(gMx) = [/\{{g-\x) H )]- l l 2 /\{{g-\x) H -^s)- l ^g- 1 



x 



One can verify that this expression indeed defines a unitary represen- 
tation. Its irreducibility can be proved in several ways (see e.g. Ref. 

As noted above, one can use the realization of the space X 
as the union of X + and X_ and then the representation space can be 
realized as in Eq. (JEI). Since we are interested in calculating the explicit 
form of representation generators, it is sufficient for this purpose to 
consider only elements of g G G in an infinitely small vicinity of the 
unit element of the dS group. In that case one can calculate the action 
of representation operators on functions having the carrier in X + and 
X separately. Namely, as follows from Eq. (JTTJ) , for such g G G, one 
has to find the decompositions 



9 X vl 
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and 



9 i v L / = v" i /r"(r")A(a")T (13) 

where r', r" G 50(3). In this expressions it is sufficient to consider only 
the elements of H belonging to an infinitely small vicinity of the unit 
element. 

The problem of choosing representatives in the factor space 
SO(l,3)/SO(3) (or SL(2.C)/SU(2)) is well known in the standard the- 
ory. The most usual choice is such that G 50(1,4) is represented 
by the matrix 
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(14) 



As follows from Eqs. (EJ) and (JTTJ), there is no need to know 
the expressions for (a')x and (a")x in Eqs. ( |T2l ) and ( TTHT > . We can use 
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the fact Jlj that if e is the five-dimensional vector with the components 
(e° = 1, 0, 0, 0, e 4 = —1) and h = vta^t, then he = exp(—r)e regardless 
of the elements r G SO (3) and ax- This makes it possible to easily 
calculate (v^, v"l, (t')a, in Eqs. ( JT2T) and ( TH1) . Then one can 

calculate (r', r") in these expressions by using the fact that the SO (3) 
parts of the matrices (v^) _1 v^ and (v"i) _1 Vi are equal to r' and r", 
respectively. 

The relation between the operators U(g) and M ab is as follows. 
Let L a b be the basis elements of the Lie algebra of the dS group. These 
are the matrices with the elements 

Md = fc-fc (15) 

They satisfy the commutation relations 

[L a b, L ca ] = TlacLbd ~ VbcL a d ~ VadLbc + ^bdL ac (16) 

Comparing Eqs. (EJ) and ( |TBI ) it is easy to conclude that the M ab should 
be the representation operators of —iL ab . Therefore if g = 1 + u a bL ab , 
where a sum over repeated indices is assumed and the u a b are such 
infinitely small parameters that u a b = —^ba then U(g) = 1 + iu a bM ab . 

We are now in position to write down the final expressions for 
the representation generators. The explicit calculation shows that the 
action of the generators on functions with the carrier in X + has the 
form 

MW = /(v) + s, NW = -^+ SXV 



dv vq + 1 ' 
, , x r d , d . 3 , s x v 

B (+) = Mv + + v V 7T + o v + — TTT' 

5 3 

= /zv + ^o(v— + -) (17) 

where M = {M 23 , M 31 , M 12 }, N = {M°\ M 02 , M 03 }, B = 
— {M 14 , M 24 , M 34 }, s is the spin operator, and l(v) = — iv x d/dv. 
At the same time, the action of the generators on functions with the 
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carrier in X is given by 



mH = /( v ) + b, nH = _i„ |_ + 1^, 

/ % r 5 , d . 3 , s x v 

B l j = -/iv - z[— + v(v— ) + -v] 



dv dv 2 f o + 1 ' 

d 3 

M ( 4 } = - M u - ^o(v— + -) (18) 
3 Poincare approximation 

Consider first the case when UIRs of the dS group can be contracted to 
UIRs of the Poincare group. A general notion of contraction has been 
developed in Ref. [21]. In our case it can be performed as follows. We 
assume that fi > 0, denote m = fi/R and formally consider the limit 
R — > oo when \x — ► oo but fi/R is finite. We will consider the limits for 
Eqs. (TT7|) and ( TTHl) separately. 

In the case of Eq. jnj) we denote P = B/i? and E" = M 04 /#. 
Then in the above limit we obtain a standard representation of the 
Poincare group for a particle with the mass m such that P = mv is 
the particle momentum and E = mvo is the particle energy. In that 
case the generators of the Lorentz group have the same form for the 
Poincare and dS groups. However, if the same procedure is applied to 
Eq. (TTHjl then the quantity E = M^j R becomes negative and therefore 
the problem arises whether E can be identified with the standard energy 
E. 

The following important observation is in order. If we assume 
that the dS symmetry is more fundamental than the Poincare one then 
the limit R — > oo should not be actually taken since in this case the 
dS symmetry will be lost and the preceding consideration will become 
useless. However, in the framework of the dS invariance we can consider 
Poincare invariance as the approximate symmetry when R is very large 
but R oo. The situation is analogous to that when nonrelativistic 
theory is formally treated as a special case of relativistic one in the limit 
c — > oo and classical theory is treated as a special case of quantum one 
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in the limit K — >■ but the limits are not actually taken. Summarizing 
these remarks, we prefer the term 'Poincare approximation' rather than 
'Poincare limit'. The term 'Poincare approximation' will always imply 
that R is very large but finite. 

In the standard interpretation of UIRs the following require- 
ments should be satisfied: 

• Standard- Interpretation Requirements. Each element of the full 
representation space represents a possible physical state for the 
given elementary particle. The representation describing a sys- 
tem of N free elementary particles is the tensor product of the 
corresponding single-particle representations. 

Recall that the generators of the tensor product are given by 
sums of the corresponding single-particle generators. For example, if 
Mq4 is the operator M04 for particle 1 and is the operator M04 for 
particle 2 then the operator M04 for the free system {12} is given by 
= Mq4 + MqP- Here it is assumed that the action of the operator 
Mq£ (j = 1, 2) in the two-particle space is defined as follows. It acts 
according to Eq. (TT7I) or ( TTHj ) over its respective variables while over 
the variables of the other particle it acts as the identity operator. 

It is well known (see e.g. Ref. |H EH El 15] ) that the dS group 
contains elements (e.g. I) such that the corresponding representation 
operator transforms eigenstates of M04 with the positive eigenvalues to 
the eigenstates of the same operator with the negative eigenvalues and 
vice versa. Therefore the problem arises whether the operator M04 in 
the single-particle UIRs can be treated as the dS analog of the energy 
and what is the relation between M04 and the standard single-particle 
energy E. Let us stress that if Poincare invariance is treated as a special 
case of the dS one then the quantity E cannot be defined independently 
and should somehow be expressed in terms of the operators M ab . One 
could try to remedy the standard interpretation as follows. 

• Assume that in the Poincare approximation the standard energy 
should be defined as 

E = ±M M /R (19) 
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where the plus sign should be taken for the states with the carrier 
in X + and as the minus sign - - for the states with the carrier in 
X . Then the energy will always be positive definite. 

• One might say that the choice of the energy sign is only a matter 
of convention. Indeed, to measure the energy of a particle with the 
mass m one has to measure its momentum p and then the energy 
can be defined not only as (m 2 + p 2 ) 1 / 2 but also as — (m 2 + p 2 ) 1 / 2 . 
In that case the standard energy in the Poincare approximation 
could be defined as 

E = M M /R (20) 
regardless of whether the carrier of the given state is in X + or X . 

It is easy to see that either of the above possibilities is in- 
compatible with Standard-Interpretation Requirements. Consider, for 
example, a system of two free particles in the Poincare approximation. 
Then with a high accuracy the operators M04/ R and B/R can be chosen 
diagonal simultaneously. 

Let us first assume that the energy should be treated according 
to Eq. (GUI). Then a system of two free particles with the equal masses 
can have the same quantum numbers as the vacuum (for example, if 
the first particle has the energy Eq = (m 2 + p 2 ) 1 / 2 and momentum 
p while the second one has the energy — Eq and the momentum — p) 
what obviously contradicts experiment. For this and other reasons it is 
well known that in the Poincare invariant theory the particles should 
have the same energy sign. Analogously, if the single-particle energy 
is treated according to Eq. ( Till and one requires that the two-body 
energy is the sum of single-particle energies then Eq. ( |T^I ) for the two- 
body system will not be satisfied. 

We conclude that UIRs of the dS algebra cannot be inter- 
preted in the standard way since such an interpretation is physically 
meaningless even in the Poincare approximation. Although our ap- 
proach considerably differs from LQFT in curved spacetime (see Sect. 
H]), this conclusion is in agreement with that in Ref. jB] and references 
therein. 
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In the framework of Single-representation supposition, one 
could try to interpret the operators fTTTI) as those describing a particle 
while the operators (1181 ) as those describing the corresponding antipar- 
ticle. This will be done in the subsequent sections and we will see that 
for quantized operators the energy can be interpreted as E = M04/ R. 

It is clear that the above contraction procedure is valid only 
if \x 7^ 0. Therefore if we accept that Poincare invariant theory is a 
special case of the dS invariant one, the problem arises how to de- 
scribe particles which in Poincare invariant theory are strictly massless 
(and whether such particles can exist). Mensky has suggested j3j that 
massless particles should be described by UIRs corresponding to the 
additional series with — ifi = 1/2. This problem requires further study. 

4 Properties of representation generators 

We now return to the general case when the quantity R is not neces- 
sarily large. Let us first compare Eqs. ( JT7j) and ( TTHT> . As follows from 
Eq. (J2I), if a set M a i satisfies the correct commutation relations, the 
same is true for the set obtained from M a i by changing the sign of those 
operators where a = 4 or b = 4 (the operator M44 is identical zero since 
M a b = — Mba). Therefore if one wants to verify that the operators ( |T7| ) 
and ( TIKI) satisfy the conditions (J2J), it is sufficient to verify this either 
for flT7D or (USD- 

It is obvious that the operators obtained from ( |T7j ) or ( JTBI ) 
by the transformation fi —> —/1 satisfy the conditions (0) if the origi- 
nal operators satisfy these conditions. Let us now apply the following 
transformation. First change the sign of fi and then change the sign 
of those operators where a = 4 or b = 4. Then we obtain a set 
of operators satisfying Eq. (J2J) if the original set satisfies Eq. ((21). If 
such a transformation is applied to (Ej), we obtain the following set of 
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M' = Z(v) + s, N' = -iv ^-+ SX V 



operators 



dv vq + 1 ' 

. r 5 , d s 3 , s x v 

B' = //v - * — + v v— + -v — , 

av ov 2 ^o+l 

5 3 

M^ 4 = /zv - ™ (v— + -) (21) 

By using Eqs. (Ej) and (JBJ), one can directly verify that the 
operators (TT71) . ( TTHf) and (EH) are Hermitian if the scalar product in 
the space of UIR is defined as follows. Since the functions /i(v) and 
/2(v) in Eq. (JBJ) have the range in the space of UIR of the group SU(2) 
with the spin s, we can replace them by the sets of functions /i(v, j) 
and /2(v, j), respectively, where j = — s, — s + l...s. Moreover, we can 
combine these functions into one function f(v,j, e) where the variable 
e can take only two values, say +1 or -1, for the components having the 
carrier in X + or X_, respectively. If now (p(y,j,e) and ip(v,j,e) are 
two elements of our Hilbert space, their scalar product is defined as 

(<p, if>) = f ^( v > i> e )X v > h e)dp(v) (22) 

where the subscript * applied to scalar functions means the usual com- 
plex conjugation. 

At the same time, we use * to denote the operator adjoint to 
a given one. Namely, if A is the operator in our Hilbert space then A* 
means the operator such that 

(<p,Aii>) = (A*<p,,i>) (23) 

for all such elements if and ift that the left hand side of this expression 
is defined. 

Even in the case of the operators ( !T7j) . (1TB}) and (EH), we can 
formally treat them as integral operators with some kernels. Namely, 
if Acp = we can treat this relation as 

^2 j A(v,J,e;v',J , ,e / )^(v , ,/,e , )^(v , ) =^(v,j,e) (24) 
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where in the general case the kernel A(v, j, e; v', f, e') of the operator 
A is a distribution. 

As follows from Eqs. ((3), ® and (ES, if 5 = A* then the 
relation between the kernels of these operators is as follows: 

B(v,j,e;V,f,e')=A(V,j',e';v,j,ey (25) 

In particular, if the operator A is Hermitian then 

A(v, j, e; v', /, e')* = A(V, j', e'; v, j, e) (26) 



As follows from Eq. ( 1261) . if the operator A is Hermitian, and 
its kernel is real then the kernel is symmetric, i.e. 

A(v, j, e; v', /, e') = A(V, j', e'; v, j, e) (27) 

In particular, this property is satisfied for the operators {ivq and fiv in 
Eqs. ( TT71 (IT£1) and ( 12TI) . At the same time, the operators 

,/ n d r d ,8.3, ,83. 

1{V} ' - 8[ ^ + v(V ^ ) + 2 V] ' - W ^ + 2 ] (28) 

which are present in Eqs. ( TTTl ( |TH| ) and (EH), are Hermitian but have 
imaginary kernels. Therefore, as follows from Eq. ( 1261) . their kernels 
are antisymmetric: 

A(v, j, e; v', /, e') = -A(v', /, e'; v, j, e) (29) 

Note also that the operators considered in this paragraph do not depend 
on the spin and are present in Eqs. (ITT1 ( TTHj ) and ( 12TI) for particles with 
arbitrary spins. At the same time, the spin operator is obviously differ- 
ent for particles with different spins. This question will be considered 
in Sect. El 



5 Quantization of UIRs 

In standard approach to quantum theory, the operators of physical 
quantities act in the Fock space of the given system. Suppose that 
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the system consists of free particles and their antiparticles. Strictly 
speaking, in our approach it is not clear yet what should be treated 
as a particle or antiparticle. The considered UIRs of the dS group 
describe objects such that (v, j, e) is the full set of their quantum num- 
bers. Therefore we can define the annihilation and creation operators 
(a(v, j, e), a(v, j, e)*) for these objects. If the operators satisfy the an- 
ticommutation relations then we require that 

{a(w,j, e), a(v',j', e')*} = 6 jf 6^v 6^{v - v') (30) 

while in the case of commutation relations 

[a(v,j, e), a(V,j', e')*] = S jf 6 e e'V S {3 \v - v') (31) 

In the first case, any two a-operators or any two a* operators anticom- 
mute with each other while in the second case they commute with each 
other. 

The problem of second quantization of representation opera- 
tors can now be formulated as follows. Let (A\, A2....A n ) be represen- 
tation generators describing UIR of the dS group. One should replace 
them by operators acting in the Fock space such that the commutation 
relations between their images in the Fock space are the same as for 
original operators (in other words, we should have a homomorphism of 
Lie algebras of operators acting in the space of UIR and in the Fock 
space). We can also require that our map should be compatible with 
the Hermitian conjugation in both spaces. It is easy to verify that a 
possible solution satisfying all the requirements is as follows. If the 
operator A in the space of UIR has the kernel A(v,j,e;V,j',e') then 
the image of A in the Fock space is the operator 

A F=J2j y > ^(v,J,e;v / ,/,e / )a(v,j,e)*a(v / ,/,e / )^(v)^(v / ) 

(32) 

The commutation relations in the Fock space will be preserved regard- 
less of whether the (a, a*) operators satisfy commutation or anticom- 
mutation relations. 
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We now require that in the Poincare approximation the energy 
should be positive definite. Recall that the operators ( TTTHTHI ) act on 
their respective subspaces or in other words, they are diagonal in the 
quantum number e. 

Suppose that \x > and consider the quantized operator cor- 
responding to the dS energy M04 in Eq. ( TT71 ). In the Poincare approxi- 
mation, Mq4 = fivo is fully analogous to the standard free energy and 
therefore, as follows from Eq. (E2D, its quantized form is 

(<>) F = M 5^ / ^oa(v, j, l)*a(v, j, l)rfp(v) (33) 

This expression is fully analogous to the standard quantized Hamilto- 
nian if we assume that the vacuum state $0 satisfies the requirement 

a(v,j,l)<D = Vv,j (34) 

In this case a(v,j, 1) has the meaning of the annihilation operator, 
a(v, j, 1)* has the meaning of the creation operator, and a(v, j, l)*$o 
has the meaning of the one-particle state. 

Consider now the operator Mq 4 . In the Poincare approxima- 
tion its quantized form is 

(M ( 4 } ) F ==~^J2j v o<v,j, "^(v, J, -!)^(v) (35) 

Therefore, if, by analogy with Eq. (041). one requires that 

a(v,i,-l)$ = Vv,j (36) 

then the operator (Mq 4 )jr will be negative definite, what is unaccept- 
able. 

Therefore the operators a(v,j, —1) and a(v, j, —1)* are "non- 
physical": a(v,j, —1) is the operator of object's annihilation with the 
negative energy, and a(v, j, — 1)* is the operator of object's creation 
with the negative energy. 
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We will interpret the operator (Mq^')f as that related to an- 
tiparticles. As already noted, in the standard approach, the annihi- 
lation and creation operators for antiparticles enter the quantum La- 
grangian with the coefficients describing negative energy solutions of 
the corresponding covariant equation. This is an implicit implemen- 
tation of the idea that the creation or annihilation of an antiparticle 
can be treated, respectively as the annihilation or creation of the cor- 
responding particle with the negative energy. In our case this idea can 
be implemented explicitly. 

Instead of the operators a(v, j, —1) and a(v,j, —1)*, we define 
new operators 6(v, j) and 6(v, j)*. If 6(v, j) is treated as the "physical" 
operator of antiparticle annihilation then, according to the above idea, 
it should be proportional to a(v, — j, —1)*. Analogously, if 6(v, j)* is the 
"physical" operator of antiparticle creation, it should be proportional 
to a(v, — j, —1). Therefore 

b(v,j) = a(v, — j, -1)7*70") Kv, jf = o(v, -j, -l)/r/(jT (37) 
where ij (j) is a phase factor such that 

Wi)l = l (38) 

Since we treat b(v : j) as the annihilation operator and b(v : j)* 
as the creation one, instead of Eq. ( OBI) we should require that the 
vacuum condition should read 

6(v,j)$ = Vv,j, (39) 

in the case of anticommutation relations 

{6(v, j), b(v'jr} = <W (3) (v - v'), (40) 

and in the case of commutation relations 

[6(v,j),6(v , ,j , )*] = ^^ (3) (v-v / ) (41) 

Consider first the case when the operators a(v, j, e) satisfy the 
anticommutation relations ( 001) . By using Eq. ( H71) one can express the 
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operators a(v, j, — 1) in terms of the operators 6(v, j). Then it follows 
from the condition (OBI) that the the operators 6(v, j) indeed satisfy Eq. 
013). 

Consider now the case when the operators a(v,j, e) satisfy 
the commutation relations ( I3TI ). We can again use Eq. ( 071) to express 
the operators a(v, j, —1) in terms of the operators 6(v, j). However, it 
now follows from the condition ( 0%1) that the operators 6(v,j) do not 
satisfy Eq. QHD) (they satisfy the equation obtained from Eq. (JUJ) by 
changing the sign of the r.h.s.). 

These results show that only in the case of fermions our con- 
struction might be consistent. To see whether this is the case, we should 
express the operator ( 1351) in terms of the operators 6(v,j). By using 
Eqs. ( 1371) and (1HHL we can rewrite Eq. ( IHHI) as 

(M^ == / ^(vj>(v,i)>(v) (42) 

Now we have a situation fully analogous to that described in various 
textbooks (see e.g. Ref. (IB]) for quantizing the electron-positron field. 
It is well known that the only way to ensure the positive deflniteness 
is to require that the operators 6(v, j) and 6(v, j)* should satisfy the 
anticommutation relations (00) • Then we can rewrite Eq. ( I4~2l ) as 

(M ( - } ) F == n £ j ^oKv, j)*6(v, j)dp(y) + C (43) 

where C is some indefinite constant. It can be eliminated by requiring 
that all quantized operators should be written in the normal form or by 
using another prescriptions. The existence of infinities in the standard 
approach is the well known problem and we will not discuss it. 
Our conclusion is as follows: 

• Statement 1: The requirement that the Hamiltonian should be 
positive definite in the Poincare approximation, can be satisfied 
only for fermions. 
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6 Antiparticle sector 



In the preceding section we argued that the (6, b*) operators are physical 
operators describing annihilation and creation of antiparticles. How- 
ever, the proof of this statement has been given only in the Poincare 
approximation. To prove the statement in the general case we must 
show that the quantized operators (ITHf) written in terms of the (6, &*) 
operators satisfy the correct commutation relations (J2J). We can use 
Eqs. ( 1371) . (EBD to express the operators 6(v, j) in terms of a(v, j, — 1), 
and, since we are now interested only in the case of anticommutation 
relations, we assume that Eq. ( 141)1) is satisfied. 

Consider first the operators — pvo and — ji\ in Eq. ([TBI). They 
are diagonal in the spin variable j. Assuming that all the quantized 
operators in terms of (6, b*) are written in the normal form we easily 
conclude that 

(-pv ) F == J v aH v J)% v J) d P(v) 
(-//v) F == nZjJvb(y,jyb(y,j)dp(y) (44) 

Consider now the operators in Eq. ( OHI ). Let A be some of 
these operators and A(v, j, e; v', f, e') be its kernel. Since A is diagonal 
in the spin variable j, it follows from Eqs. (JH2D, (E3) and (EBD that the 
action of Ap on functions with the carrier in X can be written as 

A F = Y,f I A(vj,-i-yj : -i)b(vj)b(Vjydp(v)d P (V) (45) 

3 

As noted in Sect. IH the kernel of the operator A is antisymmetric. 
By using this fact and Eq. ( 14171) . we conclude that Eq. ( 1431) can be 
rewritten as 

A F = Y.f f A(v,j,-l-yj,-l)b(v,jyb(v f ,j)dp(v)dp(v') (46) 

3 

In other words, the operator Ap has the same form in terms of (a, a*) 
and (6, b*) operators. 
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Finally, consider those operators in Eq. ( ITHj) which contain the 
Ith component of the spin operator s. Again, let A be some of these 
operators and A(v,j, — 1; V,j', — 1) be the part of its kernel which is of 
interest for us. It is clear from Eq. ( TTHl) . that in that case A is diagonal 
in v, i.e. its kernel contains vq5(v — v'). Therefore we can write the 
kernel in the form 

A(v,j,-Vy,j',-l) = v Q 6(v-v')f(v)s l jj , (47) 

where /(v) is a function of v and s 1 --, is the matrix element of s l for 
the transition between the spin states j and j'. By using Eq. we 
now obtain that the action of Ap on functions with the carrier in X 
is given by 

A F = Y.f f^H f a(v,j, -l)*a(v,/, -l)dp(v) (48) 

3,3' 

As follows from Eq. (1371) . in terms of the (6, 6*) operators this expression 
reads 

Af = J2 [ /( v )4i' 6 (v, -J>(v, -/)*?7(j>(i'r^(v) (49) 

3,3' 

Since the trace of any spin operator equals zero, then by using Eq. (1401) . 
we can rewrite this expression as 

Af = -J2J /( v )4' 6 (v, -jTKv, -jWWfdpiy) (50) 

3,3' 

Consider first the case / = 3, i.e. A contains the z component 
of the spin operator. Since this component is diagonal in the spin index 
j, and j is the eigenvalue of the operator s 3 , it follows from Eq. ( EEj ) 
that 

Af = - E 3 1 7(v)j6(v, -j)*Hv, -j)dp(y) = 

Ejff(v)jb(vjyb(vJ)dp(v) (51) 

We conclude that the operators containing the z component of the spin 
operator have the same form in terms of (a, a*) and (6, b*). 
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Consider now the operators containing s l where I = 1 or / = 2. 
We choose in the form r](j) = (— 1)( S ~ J ). Then, as follows from Eq. 

Af = J2 J /W( s )5y & (v, -j'TKv, -j)dp(v) (52) 

since the operator s l has nonzero matrix elements only for transitions 
with j = f ± 1. As follows from this expression, the operator Ap will 
have the same form in terms of (a, a*) and (6, 6*) if 

(4/ = M'-A-l ( 53 ) 

In the case s = 1/2 this relation can be easily verified directly. In the 
general case it can be proved by using the properties of 3j symbols (see 
e.g. Ref. [25J). Therefore all the operators containing the components 
of s have the same form in terms of (a, a*) and (6, &*). 

Our conclusion is as follows. If A = /ivq or A = fiv then the 
operator Ap has the same form in terms of (a, a*) as — Ap in terms 
of (6,6*). At the same time, the other operators in Eq. ( !TH|) have the 
same form in terms of (a, a*) and (6, b*). 

This result can be reformulated by saying that the quantized 
operators ( ITH1) can be obtained by quantizing operators (jUJ) with (6, 6*) 
in place of (a, a*). Since the operators (12 ip satisfy the required com- 
mutation relations (see the discussion in Sect. HO, we conclude that for 
fermions the transformation defined by Eqs. (1371) and is compatible 
with the commutation relations 



7 Discrete symmetries and nonexistence of neutral 
elementary particles 

Let us now discuss the following question. For definiteness we assumed 
that fi > 0. Will we get new UIRs if \i < 0? In Poincare and AdS 
theories the choice of the mass sign implies simultaneously the choice 
of the energy sign and UIRs with the different mass signs are different. 
However, as we have seen in the preceding sections, in the dS case each 
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UIR contains the states with both positive and negative eigenvalues of 
the operator M04. A well known result (see e.g. Ref. pj] for details) is 
that UIRs characterized by fi and —\i are unitarily equivalent. For this 
reason Mensky has proposed the following approach for distinguishing 
particles from antiparticles: they are described by the same UIRs but 
have different space-time interpretation (see Ref. [4j for details). In 
this approach the UIRs are interpreted in the standard way (see Sect. 

The fact that the same UIR of the dS group contains the 
states with both the positive and negative eigenvalues of the operator 
M04 is the reason of why the state of the object described by an UIR 
is characterized not only by the velocity v and the spin projection 
j but also by a new quantum number e. In our approach one UIR 
describes a particle and its antiparticle simultaneously. For definiteness 
we assumed that e = 1 for particles and e = — 1 for antiparticles but 
such a choice is obviously the matter of convention. 

As it has been noted in Sect. HJ in the standard theory the fact 
that a particle and its antiparticle have equal masses, spins and lifetimes 
is a consequence of CPT invariance. Let us discuss this problem in 
greater details. 

P invariance is described by a unitary transformation, which 
changes the signs of all three dimensional momenta. In the standard 
theory one cannot define T invariance analogously since in that case 
the energy sign would change. There exist two well known solutions 
of this difficulty: the Wigner formulation which involves antiunitary 
operators and the Schwinger formulation which involves transposed op- 
erators (I3j- 

The comparison of Eqs. ( IT7|) and ( JTHj ) shows that the oper- 
ators M a 5 in these expressions not containing the subscript 4 are the 
same while those containing this subscript have different signs. If the 
coordinates x v {y = 0,1,2,3) are inverted (i.e. one applies the PT 
transformation) and no antiunitary or transposed operators are used 
then the operators M v ± change their signs while the other operators re- 
main unchanged. For these reasons one might think that the operators 
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in Eq. ( !TH|) are obtained from ones in Eq. ( IT7j ) by using the PT trans- 
formation. However, these equations have been obtained by considering 
only the elements of the SO (1,4) group belonging to its unity compo- 
nent, and no discrete transformations have been used. The matter is 
that the unitary representation operator corresponding to I necessarily 
changes the sign of the operator M04 in Eq. ( tT7j) . i.e. it mimics the 
T transformation. Then if v is replaced by — v we obtain Eq. (1181) . 
To overcome the difficulty that the operator M04 in this expression is 
negative definite in the Poincare approximation, we relate Eq. ( 1171 ) to 
particles, Eq. f TTHT ) to antiparticles and quantize these expressions in 
a proper way. In other words, our analog of the PT transformation 
is accompanied by transition from particles to antiparticles, i.e. it is 
replaced by an analog of the CPT transformation. 

As noted by Mensky jl] , dS invariant theory could be a basis 
for new approaches to the CPT theorem. We believe that our approach 
is in the spirit of Mensky's idea. An analogy between our approach and 
the standard CPT transformation is seen from the following observa- 
tion. In the standard theory the CPT transformation in Schwinger's 
formulation transforms the operators b to a* in the transposed form 
[IB], and for this reason one might think that Eq. ( 1H7T ) is the standard 
CPT transformation. However, in the standard theory the operators 
a and b refer to objects described by different UIRs while in our ap- 
proach they refer to the same object. While in the standard theory the 
CPT transformation is a true transformation relating two sets of phys- 
ical operators, Eq. ( 071 ) is not a transformation but a definition of the 
physical b operators in terms of unphysical a operators. In particular, 
a* = j}b necessarily implies a = 77*6* and not a = r]b* (i.e. there is no 
analogue of antiunitary transformation). 

The operators a(v, j) == a(v, j, 1) and a(v,j)* == a(v, j, 1)* 
on one hand and 6(v, j) and b(v,j)* on the other satisfy the same com- 
mutation relations. As shown in Sect. the quantized representa- 
tion generators for a particle are obtained from the operators ( 1171 ) and 
(a, a*). At the same time, the main result of Sect. El is that the quan- 
tized representation generators for the corresponding antiparticle are 
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obtained in the same way but with the operators ( 1211) in place of the 
operators ( |T7|) and the operators (6, b*) in place of the operators (a, a*). 
Since the operators ( TTTl ) and (EH) are different (they coincide only in 
the limit R — » oo), we conclude that different values of e describe dif- 
ferent sets of representation generators in the quantized form. Below 
we discuss this feature in detail since it has no analogue in the standard 
theory. 

We first show that Eqs. (JT7J) and (EH) are in agreement with 
the well known results of General Relativity (GR). For simplicity we 
consider the operators M v ± {y = 0, 1, 2, 3) in the nonrelativistic classical 
approximation. Denote P = B/i?, E = M^j R, fi = mR, p = mv and 
r = id /dp. Then as follows from Eq. ( TT71) 

P = p + mr/R, E = 171 + p 2 /2m + pr/R (54) 

and, as follows from Eqs. ( 12"T1) . 

P = p — mr/R, E = m + p 2 /2m — pr/R (55) 

Therefore in the both cases the classical nonrelativistic Hamiltonian 
reads 

E = m + 2^-2W . ^ 

Note that r is canonically conjugated with p by construction. In the 
approximation when R is large, the last term in the r.h.s. of Eq. ( 1561) 
is a small correction and r is also canonically conjugated with P. 

The well known result of GR is that if the metric is stationary 
and differs slightly from the Minkowskian one then in the nonrelativistic 
approximation the curved space-time can be effectively described by a 
gravitational potential ip(r) = (goo( r ) — l)/2c 2 where goo is the time- 
time component of the metric tensor. As follows from Eq. (CD), in the 
approximation when R is large, the interval squared is given by 

ds 2 = dx v dx v — {x v dx v ' / R) 2 (57) 

We now express xq in terms of a new variable t as xq = t + t 3 /6R 2 — 
t-x 1 /2R 2 . Then 

ds 2 = dt 2 (l - r 2 /R 2 ) - dr 2 - {rdr/R) 2 (58) 
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Therefore, the metric becomes stationary and cp(r) = —r 2 /2R 2 in agree- 
ment with Eq. ( 1561) . 

It is well known that in the dS space there exists antigravity: 
the force of repulsion between two particles is proportional to the dis- 
tance between them. This easily follows from Eq. (ESI)- We now show 
for illustrative purposes how this result can be obtained if P and E are 
expressed in terms of p and r as in Eqs. ( l5"4l) and ( 1531) . 

Consider a system of two free particles described by the vari- 
ables Pj and Tj (j = 1,2). Define the standard nonrelativistic variables 

P12 = Pi + P2 qi2 = (m 2 pi - TOip 2 )/(mi + m 2 ) 

R<i2 = (miri + TO 2 r 2 )/(rai + m 2 ) r i2 = r x - r 2 (59) 

Then if the particles are described by Eq. ( 1541) . the two-particle oper- 
ators P and E in the nonrelativistic approximation are given by 

P = P 12 + MR U /R, E = M + Pj 2 /2M + P^Ru/R (60) 

where 

M = M(q 12 , r 12 ) = m x + m 2 + q? 2 /2mi 2 + qi 2 r 12 /,R (61) 

and m\2 is the reduced two-particle mass. Comparing Eqs. ( l5"4"j ) and 
(IHDj). we conclude that M has the meaning of the two-body mass and 
therefore M(qi 2 ,ri 2 ) is the internal two-body Hamiltonian. As follows 
from Eq. (EH), the classical equations of motion corresponding to this 
Hamiltonian imply that cPru/dt 2 = r^/R 2 , i.e. the internal Hamilto- 
nian ( 16~T1) indeed describes the dS antigravity. 

For a system of two antiparticles the result is obviously the 
same since Eq. ( 1531) can be formally obtained from Eq. ( 1541) if R is 
replaced by —R. At the same time, in the case of a particle- antiparticle 
system a problem with the separation of external and internal variables 
arises. In any case the standard result can be obtained by using Eq. 

m. 

The above discussion shows that the set of operators given by 
Eq. ( |T7I) and Eq. (EH) are compatible with GR. At the same time, these 
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sets are not obviously the same. Recall that the (a, a*) and (6, &*) op- 
erators describe annihilation and creation of particles and antiparticle 
in the states with a given velocity v. If we accept the main postulate 
of quantum theory that any selfadjoint operator represents a measur- 
able physical quantity then the quantities defined by p, P and E are 
measurable, at least in principle. Then we conclude that for particles 
and antiparticles the operators P and E are expressed in terms of p 
differently. With our convention for the choice of the quantum number 
e, Eqs. (E1D and for both particles and antiparticles can be written 
as 

P = p + emr/R, E = m + p 2 /2m + epr/R (62) 

Note also that in terms of v the Lorentz group generators in Eqs. ( |T7| ) 
and ( 1211) are the same. Therefore if v is expressed in terms of P for 
particles and antiparticles then these expressions will become different. 

In standard theory the C transformation is defined as a <-» ijcb 
where rjc is the charge parity such that \r]c\ 2 = 1. Since the sets of the 
operators (JEj) and ( 12"T1 ) are different, the operators (M^)p do not 
transform into (M^ )p under the C transformation and vice versa. 
Therefore our conclusion is as follows 

• Statement 2: Even in the free massive dS invariant theory the C 
invar iance is not exact. 

It is easy to show that the free massive dS theory is P invariant 
and therefore the CP invariance in this theory also is not exact. 

In the literature (even the very serious one - see e.g. Okun's 
book P6J) the following question is sometimes discussed. Suppose 
that a spaceship from an extraterrestrial civilization is approaching 
the Earth, and the aliens ask us whether the Earth is built of matter 
or antimatter. Fortunately, since CP invariance in weak interactions is 
not exact, we can explain them that the Earth is built of matter, not 
antimatter. For example, we can tell them that the probability to find 
positrons in the K\ meson decays is greater than the probability to 
find electrons. The above consideration shows that in the dS invariant 
theory this could be explained simpler. 
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In particle physics a particle is called neutral if it indistin- 
guishable from its antiparticle. In particular, the C transformation 
transforms a neutral particle into itself. Suppose that the object de- 
scribed by an UIR is characterized by an additive quantum number q 
such that if Q is the operator of this number and $ is a state such that 
= Qo& then is a state where Qa*§ = (Q + q)a*§. Then, 
as follows from Eq. Q37D . a particle and its antiparticle automatically 
have opposite quantum numbers. However, if all the additive quantum 
numbers are equal to zero, we cannot use this criterion to distinguish 
a particle from its antiparticle. Nevertheless, it follows from the above 
discussion that in our approach 

• Statement 3: Any elementary particle cannot be neutral. 
8 Discussion 

In the present paper we have reformulated the standard approach to 
quantum theory as follows. Instead of requiring that each elementary 
particle is described by its own UIR of the symmetry algebra, we assume 
Single-Representation Supposition (see Sect. HI) that one UIR should 
describe a particle and its antiparticle simultaneously. In that case, 
among the Poincare, AdS and dS algebras, only the latter can be a 
candidate for constructing elementary particle theory. 

We show in Sect. El that UIRs of the dS algebra cannot be 
interpreted in the standard way since such an interpretation is physi- 
cally meaningless even in the Poincare approximation. Although our 
approach considerably differs from LQFT in curved spacetime, this 
conclusion is in agreement with that in Ref. [8] and references therein. 

The important ingredient of our construction is that nonphys- 
ical states are associated with antiparticles. In Ref. P2] problems with 
the dS theories have been discussed in the framework of the thermofield 
theory which was developed many years ago in many-body theory (see 
for references) . In this theory there also exist physical and nonphys- 
ical states but our interpretation is essentially different. Nevertheless, 
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it is interesting to note that similar ideas can work in approaches which 
considerably differ each other. 

Although Single- Representation Supposition seems natural, it 
is a supposition. Therefore the problem arises whether it can be sub- 
stantiated. As noted in Sect. [TJ the present investigation has been 
inspired by our results in quantum theory over a Galois field (GFQT) 
[T7j . Here no analog of Single- Representation Supposition is needed 
since any IR of the symmetry algebra automatically describes a parti- 
cle and its antiparticle simultaneously. 

The main idea of our approach is extremely transparent: if 
there exists any criterion for separating physical and nonphysical states 
then only fermions can be elementary. Indeed, the transition from non- 
physical to physical states involves replacement of annihilation opera- 
tors by creation ones and vice versa. Therefore if a = r]*b* then neces- 
sarily a* = r/6, {a, a*} = ijr]*{b, &*} and [a, a*] = —7777* [6, &*]. It is easy 
to satisfy the condition 7777* = 1 but in the field of complex numbers it 
is impossible to satisfy the condition 7777* = — 1. 

The criterion used in the present work is that the energy 
should be positive definite in the Poincare approximation. Let us dis- 
cuss this question in greater details. 

The dS group contains transformations which transform pos- 
itive energy states to negative energy ones and vice versa. This does 
not necessarily represent a problem. As we have already mentioned, the 
standard treatment of UIRs does not apply in the dS case. Note that 
our results are based only on the properties of representation generators 
while the dS space has not been used at all (in Sect. 0we mentioned 
the dS space only for illustrative purposes to show that the results are 
compatible with GR when R is large). As noted in Sect. the classical 
space-time cannot be fundamental in quantum theory (see e.g. Ref. P 
for a detailed discussion; this conclusion is also in the spirit of Heisen- 
berg's S-matrix program). In any case, in the approximation when R is 
large, one UIR of the dS algebra asymptotically splits into well known 
disjoint UIRs of the Poincare algebra with positive and negative ener- 
gies, respectively. Therefore, Single-Representation Supposition in this 
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approximation is fully consistent. 

In addition to Statement 1 (see Sect. ED that only fermions 
can be elementary, it also follows from our consideration (see Statement 
2 and Statement 3 in Sect. EJ) that 

• Even in the free massive dS invariant theory the C invariance is 
not exact. 

• Any elementary particle cannot be neutral. 

Statement 1 and Statement 3 give a natural explanation of the fact 
that neutral fermions have not been observed and all observed neutral 
states are bosons. 

The famous Pauli spin-statistics theorem [27J in LQFT states 
that fermions necessarily have a half-integer spin while bosons - an in- 
teger spin. After the original Pauli proof, many authors investigated 
more general approaches to the spin-statistics theorem (see e.g. Ref. 
[28J and references therein). Since in our approach only fermions can be 
elementary, the problem arises whether it is possible to prove that their 
spin is necessarily half-integer. In Ref. (T7| we have considered Galois 
field analogs of IR of the so(2,3) algebra. It has been shown that in the 
GFQT, as a consequence of simple arithmetic considerations, the vac- 
uum condition is consistent only for particles with a half-integer spin. 
At the same time, we did not succeed in proving that only fermions can 
be elementary. The matter is that in Galois fields the relation j]jf = — 1 
is not impossible. 

As noted in Sect. [21 the explicit description of the representa- 
tion space and operators depends on the choice of representatives in a 
certain coset space. The choice adopted in the present paper is conve- 
nient in the Poincare approximation but when R is not asymptotically 
large there exist more natural choices (see e.g. Refs. jH Ui UHl Re- 
call that in our approach one UIR describes an object, and, proceeding 
from our experience, we wish to separate the states of that object into 
those related to either a particle or its antiparticle. In other words, if 
H is the representation space then we wish to find subspaces H + and 
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H such that H is a direct sum of H + and H-, H + represents all possi- 
ble states for a particle and - all possible states for its antiparticle. 
The results of Refs. (El ES| show that in general, whatever separa- 
tion criterion is used, representation generators have nonzero matrix 
elements for transitions between H + and H^. Is this an indication that 
the very notion of particles and antiparticles has exact meaning only 
in the Poincare approximation? In particular, does the conservation of 
electric charge take place only in the Poincare approximation? These 
problems deserve further study. 

The possibility that only fermions can be elementary is very 
appealing from the aesthetic point of view. Indeed, what was the rea- 
son for nature to create elementary fermions and bosons if the latter 
can be built of the former? A well known historical analogy is that 
before the discovery of the Dirac equation, it was believed that nothing 
could be simpler than the Klein-Gordon equation for spinless particles. 
However, it has turned out that the spin 1/2 particles are simpler since 
the covariant equation for them is of the first order, not the second one 
as the Klein-Gordon equation. A very interesting possibility (which 
has been probably considered first by Heisenberg) is that only spin 1/2 
particles could be elementary. 

Acknowledgements: I have greatly benefited from discussions 
with many physicists and mathematicians, and it is difficult to mention 
all of them. A collaboration with L. A. Kondratyuk and discussions with 
S.N. Sokolov were very important for my understanding of basics of 
quantum theory. They explained that the theory should not necessarily 
be based on a local Lagrangian, and symmetry on quantum level means 
that proper commutation relations are satisfied. E.G. Mirmovich has 
proposed an idea that only angular momenta are fundamental physical 
quantities [50] . This has encouraged me to study de Sitter invariant 
theories. At that stage the excellent book by Mensky [3J was very 
helpful. I am also grateful to F. Coester, V. Dobrev, M. Fuda, B. Hikin, 
B. Kopeliovich, L. Koyrakh, M. Olshanetsky, E.Pace, W. Polyzou and 
G. Salme for numerous discussions. 

The manuscript of this paper has been refereed by three 



33 



anonymous referees: First Referee, Second Referee and Adjudicator. 
I am very grateful to First Referee and Adjudicator for the support 
of this work and important critical remarks. Second Referee's remarks 
concerning definition of energy in the dS theory were very helpful for 
the discussion in Sect. El 



References 

[1] P.A.M. Dirac, in The World Treasury of Physics, Astronomy and 
Mathematics, p. 80, Timothy Ferris ed., (Little Brown and Com- 
pany, Boston-New York-London, 1991). 



[2] S. Weinberg, hep-th/9702027. 



[3] V.K. Dobrev, G. Mack, V.B. Petkova, S. Petrova and I.T. Todorov, 
Rep. Math. Phys. 9, 219 (1976); Harmonic Analysis on the n- 
Dimensional Lorentz group and Its Application to Conformal 
Quantum Field Theory, Lecture notes in Physics Vol. 63 (Springer 
Verlag, Berlin - Heidelberg - New York, 1977). 

[4] M.B. Mensky, Method of Induced Representations. Space-Time 
and Concept of Particles (Moscow, Nauka, 1976) (It seems rather 
odd that such an excellent book has been published only in Rus- 
sian). 

[5] E.W. Mielke, Fortschr. Phys. 25, 401 (1977). 

[6] P. Moylan, J. Math. Phys. 24, 2706 (1983); 26, 29 (1985). 

[7] F.M. Lev, J. Phys. A21, 599 (1988); J. Phys. A32, 1225 (1999). 

[8] J.V. Narlikar and T. Padmanabhan, Gravity, Gauge Theories and 
Quantum Cosmology (D. Reidel Publishing Company, Dordrecht, 
1986); R.M. Wald in Gravitation and Quantization, B. Julia and 
J. Zinn- Justin eds. (Elsevier, Amsterdam, 1986) p. 63, Quantum 
Field Theory in curved spacetime and black hole thermodynam- 
ics (University of Chicago Press, 1994); S.A. Fulling, Aspects of 



34 



quantum field theory in curved spacetime (Cambridge University 
Press, 1989); H.J. Borchers and D. Buchholz, Annales Poincare 
Phys. Theor. 70, 23 (1999). 



[9] F. Lev, hep-th/0307087 



[10] S. Perlmutter et. al. Astrophys. J. 517, 565 (1999); A. Melchiori 
et. al. |astro-ph/9911445[ 

[11] E. Witten, |hep-th/0106T09[ T.Banks, W. Fishier and S. Paban, 
JHEP 0212 062 (2002); T.Banks |asTro-ph/030503'7[ 

[12] N. Goheer, M. Kleban and L. Susskind, JHEP 0307 056 (2003). 

[13] S. Schweber, An Introduction to Relativistic Quantum Field The- 
ory (Harper & Row Publishers Inc., New York, 1961); A.I.Akhiezer 
and V.B.Berestetsky, Quantum Electrodynamics (Nauka, Moscow, 
1969); V.B. Berestetskii, E.M. Lifshits and L.P. Pitaevsky, Rela- 
tivistic Quantum Theory (Nauka, Moscow, 1969); N.N. Bogolubov 
and D.V. Shirkov, Introduction to the Theory of Quantized Fields 
(Nauka, Moscow, 1976); J.D. Bjorken and S.D. Drell, Relativistic 
Quantum Fields (McGraw-Hill Book Company, New York, 1976); 
Itzykson, C, and Zuber, J.-B., Quantum Field Theory (McGraw- 
Hill Book Company, New York, 1982); S. Weinberg, Quantum The- 
ory of Fields (Cambridge, Cambridge University Press, 1995). 

[14] W. Pauli, in "N. Bohr and the Development of Physics" (Perga- 
mon Press, London, 1955); G. Gravert, G. Luders and G. Roll- 
nik, Fortschr. Phys. 7, 291 (1959); R. Jost, Helv. Phys. Acta 
30, 409 (1957); J. Schwinger, Proc. Nat. Acad. Sci. 44, 223 
(1958); R.F. Streater and A.S. Wightman, PCT, Spin and Statis- 
tics, and All That (Benjamin, New York, 1964); O.W. Greenberg, 
|hep-ph/0309309[ 

[15] W. Pauli, Handbuch der Physik, vol. V/l (Berlin, 1958); F.T. 
Smith, Phys. Rev. 118, 349 (I960); Y. Aharonov and D. Bohm, 
Phys. Rev. 122, 1649 (1961), 134 1417 (1964); V.A. Fock, ZhETF 
42, 1135 (1962); B.A. Lippman, Phys. Rev. 151, 1023 (1966). 



35 



[16] T.D. Newton and E.P. Wigner, Rev. Mod. Phys. 21, 400 (1949). 

[17] F.M. Lev, |hep-th/ 0209001; Theor. Math. Phys. 138, 208 (2004). 

[18] F.M. Lev, J. Math. Phys. 30, 1985 (1989); J. Math. Phys., 34, 490 
(1993). 

[19] J. Dixmier, Bull. Soc Math. France, 89, 9 (1961). 

[20] R. Takahashi Bull. Soc. Math. France, 91, 289 (1963). 

[21] K.C. Hannabus, Proc. Camb. Phil. Soc. 70, 283 (1971). 

[22] S. Stroem, Ann. Inst. Henri Poincare, 58, 77 (1970). 

[23] G.W. Mackey, Ann. Math. 55, 101 (1952); 58, 193 (1953); M.A. 
Naimark, Normalized rings (Nauka, Moscow, 1968); J. Dixmier, 
Les algebres d'operateurs dans l'espace hilbertien (Gauthier- 
Villars, Paris, 1969); A.O. Barut and R. Raczka, Theory of group 
representations and applications (Polish Scientific Publishers, War- 
saw, 1977). 

[24] E. Inonu and E.P. Wigner, Nuovo Cimento, IX, 705 (1952). 

[25] L.D. Landau and E.M. Lifshits, Quantum Mechanics (Moscow, 
Nauka, 1974). 

[26] L.B. Okun, Quarks and Leptons (Moscow, Nauka, 1990). 
[27] W. Pauli, Phys. Rev. 58, 116 (1940). 

[28] R. Verch, Commun. Math. Phys. 223, 261 (2001); B. Kuckert, 



quant-ph/0208151. 



[29] F. Lev, hep-th/0212178 



[30] F. Lev and E.G. Mirmovich, VINITI. No 6099 Dep (1984). 



36 



